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Figure 1: In the figure, different metrics give different patterns of heat diffusion. At singularities and intersections, standard methods (left)
[SC20] treat all geometric components equally. Our tangent blow-up representation enriches each point with geometric information such
as tangents (middle) and curvature (right) by iteratively lifting data into a higher-dimensional space where singularities are resolved and
distances can better reflect the underlying geometry. This construction enables manifold-based point cloud processing pipelines to extend to
non-manifold and singular shapes.

Abstract
Many geometry processing pipelines implicitly assume their input data is a manifold, or is sampled from one, with a unique
tangent plane at every point. Geometric data, however, routinely contains sharp features like edges, corners, self-intersections,
branching junctions, and other singularities, rendering standard methods ill-defined at these points. To bring geometry process-
ing to these and other singular spaces, we introduce the “tangent blow-up,” a representation inspired by algebraic geometry
that restores structure at singularities by lifting to the product of the ambient space and the Grassmannian of tangent planes.
After iterating this construction, points that coincide in position but differ in tangent direction, curvature, or higher-order con-
tact become well-separated. We equip the tangent blow-up with a product metric and define discretized differential operators,
such as the gradient, divergence, and Laplacian, directly in the lifted domain. We demonstrate our framework across geodesic
computation, segmentation, surface parameterization, and curvature estimation.

tions at intersecting fault junctions dictate stress accumulation and
slip distributions during seismic events [MCO08].

Standard geometry processing algorithms can be applied to non-
manifold data, but their output at points with multiple intersecting
tangent planes—so-called singular points—typically does not re-
spect the underlying geometry. For example, in Figure 1, the non-
manifold Laplacian [SC20] diffuses heat across intersecting sur-
faces. More generally, any algorithm that builds neighborhoods
from Euclidean distance alone will inevitably mix points from ge-
ometrically unrelated components. Hence, the question we address
in this work is: how can differential operators be defined on point

1. Introduction

The discretization of differential operators on point clouds typi-
cally relies on building local neighborhoods where the surface is 
well-approximated by a single tangent plane [HDD*92; VCD*16; 
RS22]. For example, the point cloud Laplacian constructs adja-
cency graphs from spatially-nearby points [CL06; BSW09], and 
curvature estimators like polynomial jet fitting locally fit truncated
Taylor expansions to the surface [CP05]. The unifying assumption
behind these methods is that data lies on or near a manifold. Non-
manifold structures, however, abound in real-world data. For exam-
ple, in geological modeling, the geometry and mechanical interac-
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clouds whose underlying geometry contains singularities, without
requiring singularity detection or manifold repair as a preprocess-
ing step?

Few computational approaches exist for directly handling non-
manifold data. Existing techniques either detect and resolve sin-
gularities during preprocessing, as in non-manifold mesh re-
pair [CBK21], or estimate topological invariants while bypassing
discretization of differential operators, as in persistent intersection
homology [BH11]. One can attempt to stratify a given dataset into
clusters, each of which is well-approximated by a suitable subman-
ifold of the ambient space [STHN20; AB24], a procedure known as
stratification learning [BMW10; Nan20]. However, such decompo-
sitions can alter the topology of the space. For example, the lemnis-
cate (figure-eight) is a classic example of an immersed curve that
is not an embedding, and decomposing it into two manifold pieces
destroys the global connectivity of the self-intersecting loop (see
Figure 2).

Figure 2: Decomposing a figure-eight curve into manifold pieces
destroys the global connectivity of the self-intersecting loop.

The core difficulty at a singularity is that the tangent plane is
not unique, and it is precisely the tangent plane that many algo-
rithms use to define local neighborhoods, differential operators,
and curvature. In the continuous realm, the Nash blow-up [Nob75;
Hir83] in algebraic geometry resolves singularities in algebraic va-
rieties by lifting points into the product space of positions and
tangent planes (see Figure 4). In the resulting space, transversely
intersecting points that coincide spatially are separated by their
tangent-plane coordinates. Unlike more heuristic approaches, the
Nash blow-up resolves singularities by embedding points into reg-
ular manifolds in a higher-dimensional space.

We bring this continuous construction into the discrete, com-
putational setting of point cloud geometry processing. We equip
the product space of positions and tangent planes with a metric
that admits an isometric embedding into Euclidean space. This em-
bedding reduces the entire blow-up pipeline to a coordinate trans-
formation, after which Euclidean constructions such as k-nearest-
neighbor graphs and Gaussian kernels apply directly, enabling the
spectral and curvature analyses shown in Figure 3. We further show
that, since the output has the same structure as the input, the blow-
up can be iterated. Each iteration resolves tangential intersections
of progressively higher contact order (see Figure 9). To justify
the discrete pipeline, we analyze the continuous lifted space from
which we assume points are sampled. We prove a separation theo-
rem: the lifted metric enforces a lower bound between points with
distinct tangents and a smoothness theorem: the lifted embedding
of a smooth manifold is itself smooth. These results guarantee be-
fore sampling that transversely intersecting components are fully
resolved into smooth, well-separated manifolds in the lifted space.
Since we sample point clouds from this lifted space, the separation
bound transfers directly to the embedded points (Corollary 1), and

Figure 3: Spectral and curvature analysis of Banchoff’s Klein bot-
tle, a self-intersecting nonorientable surface [Ban76; Bus12]. Top
row: the three smallest non-trivial eigenvectors of our lifted Lapla-
cian (§6.1). Bottom row: Gaussian curvature, squared mean curva-
ture, and the Frobenius norm of the second fundamental form, all
computed from the unoriented projector field (§7.3)

.

standard convergence results for point cloud Laplacians [BN06;
BSW09] apply to each manifold component individually. We ad-
dress nontransverse intersections in §4.2.

Our contributions are:

• A discrete tangent blow-up representation for lifting point clouds
that enables discretized differential operators to be well-defined
directly on non-manifold geometry without singularity detection
or manifold repair.

• An iterated blow-up that resolves tangential intersections of pro-
gressively higher contact order. We demonstrate that the second
level separates components that agree to first order but differ in
second-order geometry.

• Separation and smoothness theorems for the continuous lifted
space that justify the discrete construction. For transverse inter-
sections, we prove a distance lower bound proportional to the
angular gap between tangent planes and show that the lifted em-
bedding of a smooth manifold is also smooth.

• Discretized Laplacian, gradient, and divergence operators de-
fined directly on the lifted space.

• Experimental evaluation of segmentation, geodesic approxima-
tion, and curvature estimation on non-manifold point clouds and
validation that the blow-up yields correct curvature estimates on
parametric immersions where existing methods fail near singu-
larities.

2. Related Work

Nash blow-ups in algebraic geometry. The Nash blow-up pairs
each point of a surface with its tangent plane and takes the clo-
sure, filling in limiting tangent planes over the singularities. Intro-
duced by Semple [Sem54] and Nash [Nas96] and studied by No-
bile [Nob75], Gonzalez-Sprinberg [Gon77], and Hironaka [Hir83],
the construction was originally motivated by the question of
whether iterated Nash blow-ups can resolve all singularities in al-
gebraic varieties. For curves in characteristic zero, the answer is
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affirmative [Nob75; Reb77]; in dimension four and higher, coun-
terexamples exist [CDLL26]. This distinction is important for our
setting since we do not claim that iterated tangent blow-ups re-
solve arbitrary non-smooth geometry. Instead, our work imports
the tangent-separation idea of the Nash blow-up into geometry pro-
cessing, where the goal is to define operators on point clouds.

Varifolds. A d-varifold is a (Radon) measure on Rn ×Gr(d,n),
encoding a joint distribution of mass and unoriented tangent
planes. The framework naturally accommodates singularities and
tangent multiplicity, and has been used for surface approxima-
tion [BLM17], curvature estimation [BLM22], and mean curva-
ture flow of point clouds [BR22]. Our lifted representation uses the
same product space, but varifold methods define geometric quanti-
ties through integration against test forms, while our construction
produces a Euclidean point cloud.

Feature-sensitive embeddings. Several geometry processing
methods incorporate normals into distance computations to pre-
serve geometric features. The isophotic metric of Pottmann et
al. [PSH*04] weights curve lengths on a triangle mesh by the vari-
ation of surface normals. Lai et al. [LZH*06] embed mesh ver-
tices and normals into R6 for feature classification and editing. Re-
lated constructions lift meshes into position-normal product spaces
so that isotropic operations in the lifted space yield anisotropic or
feature-aligned results in the original domain, with applications to
remeshing [CG06; LB13]. These methods share with our work the
idea of augmenting spatial coordinates with tangent or normal data,
but they differ in scope and assumptions. They operate on manifold
triangle meshes and assign a single oriented normal per vertex. On
a non-manifold mesh, one vertex can have multiple normals, and
the augmented embedding does not separate them.

Modified operators on manifolds. Bilateral filters suppress av-
eraging across discontinuities by weighting distances using both
spatial proximity and feature similarity [TM98; JDD03; FDC03].
Anisotropic diffusion operators [ARAC14; BMR*16] control the
direction of information flow via position-dependent diffusion ten-
sors on the tangent plane. These methods modify operators to in-
corporate geometric information, but they are task-specific and do
not define a global geometric representation.

Singularity detection and resolution. In mesh processing, non-
manifold singularities are typically resolved as a preprocessing step
where edges and vertices are classified combinatorially, and the
mesh is split or repaired before downstream algorithms [ZGZJ16;
VL25; CBK21; ACK13]. Sharp and Crane [SC20] define an in-
trinsic Delaunay triangulation that handles non-manifold edges di-
rectly and yields a well-defined Laplacian without mesh repair,
but their construction operates on mesh connectivity and does not
use tangent plane information. For point clouds, recent work de-
tects singularities via local topological or statistical tests [VR23;
LON25], but these methods detect singularities without defining
differential operators.

Curvature estimation. Point cloud curvature estimation typically
proceeds by fitting a local model to the k-nearest neighbors. For
example, jet fitting [CP05] uses truncated Taylor expansions, while

corrected curvature measures (CNC) [LRT22; LCL*23] integrate
Lipschitz-Killing forms over randomly sampled triangles. Classical
normal-difference approaches [Rus04; CLS*21] estimate curvature
from how normals vary across mesh edges or over local neigh-
borhoods of point clouds. These methods build neighborhoods in
the ambient space R3 and assume that points are sampled from a
smooth manifold.

Stratification learning. A separate line of work recovers the topo-
logical structure of stratified spaces from data, using tools such as
persistent intersection homology [BH11], local cohomology and
homology transfer [BWM12; Nan20], geometric anomaly detec-
tion [STHN20], subspace clustering [VMS05], and mixed-density
estimation [HRS06]. These methods identify non-manifold struc-
ture but do not resolve singularities or discretize differential op-
erators, which is the focus of our work. Most closely related to
our work, Tinarrage [Tin23] estimates the tangent bundle of a sam-
pled immersed manifold and applies persistent homology to the re-
sulting lifted measure. This shares our principle of separating self-
intersections, while aiming at topological inference from a single
lift rather than the differential operators and iterated higher-order
lifts developed here.

Point cloud reconstruction and processing. Neural implicit
methods reconstruct surfaces from noisy point samples [EGO*20;
MHLZ21]. Other recent reconstruction methods include Sym-
metrized Poisson Reconstruction [KLAK25], which encodes each
sample by the outer product of its normal, and EdgeMov-
ingNet [YJL*25], which jointly predicts edge features and normals
to preserve sharp structures. Recent work has also produced in-
creasingly accurate estimators for local differential quantities; we
refer the reader to the survey of Arnal–Anger et al. [ALC*26]. Sim-
ilarly, learning-based estimators such as PCPNet [GKOM18] and
DeepFit [BG20] extract normals and higher-order quantities such
as curvature from point clouds. However, nearly all the methods
above rely on local neighborhoods in the ambient space or assume
a manifold structure. Our construction is meant to enable existing
algorithms, like those above, to apply to non-manifold data without
additional priors or per-task training.

Normal estimation. Our discrete blow-up assumes that each sam-
ple carries at least one tangent plane, equivalently an unoriented
normal direction for surfaces in R3. Robustly estimating normals
from raw point clouds is itself a substantial problem. Classical
approaches include local PCA [KL97], while recent learned es-
timators improve robustness to noise, outliers, density variation,
and orientation ambiguity [LLC*22; LHW*25]. These methods ex-
tract tangent information and are therefore complementary to our
work, with better estimation improving the lifted representation di-
rectly. We rely on this in our evaluation: Figure 13 uses HSurf-
Net [LLC*22] normals on real indoor scans, while Figures 23
and 24 use local PCA tangents under controlled noise.

3. Mathematical Preliminaries

At a singular point, multiple tangent planes coexist at the same po-
sition. The tangent blow-up resolves this ambiguity by recording
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which tangent plane is associated to each point. Rather than rep-
resenting a sample by its position x ∈ Rn alone, we represent it by
pairing each position with its tangent plane. Singular points that co-
incide in space but have different tangents become multiple, distinct
points in the lifted representation. For example, at the transverse
self-intersection of a figure-eight, the singular point x0 is replaced
by two lifted points,(x0,T1↗) and (x0,T2↘) (see Figure 4).

Figure 4: A schematic cartoon illustrating the tangent blow-up of
a figure-eight curve. In the base space, the curve crosses itself at
x0. After lifting to the product space Rn ×Gr(d,n), the singular
point is replaced by two lifted points (x0,T1↗) and (x0,T2↘). The
projection π (defined in §3.2) is an isomorphism everywhere away
from the set of singular points.

3.1. Continuous Construction

We begin by making our continuous construction precise. We first
define the class of singular spaces we assume our point clouds are
sampled from, then introduce the Grassmannian of tangent planes
together with a suitable computational representation for its ele-
ments via projector matrices, and finally define the Nash blow-up.
Because every object defined here admits a concrete matrix rep-
resentation, the blow-up procedure ultimately reduces to concate-
nating position coordinates with the vectorized projector matrices.
This allows for simplified linear algebra and avoids the need for
orienting global normal fields.

Stratified spaces. Recall that a smooth d-dimensional manifold is
a space that locally resembles Rd at every point [Lee03]. Stratified
spaces generalize this definition to address singular spaces. Infor-
mally, a stratified space Y is a topological space that can be de-
composed into manifold pieces meeting along lower-dimensional
singular sets (see Figure 5); we refer the reader to Goresky and
MacPherson [GM88] or Friedman [Fri20] for formal treatments.
This is a natural setting for geometry processing since many “real-
world singularities,” such as intersecting components of CAD mod-
els, produce this structure. We refer to the union of d-dimensional
manifold pieces as the regular part Yreg and assume each manifold
piece of Yreg is smooth.

The Grassmannian and its projector representation. To repre-
sent and compute over (point, tangent) pairs, we need a space that

Figure 5: Examples of stratified spaces.

parametrizes all possible tangent planes. This is the Grassmannian
Gr(d,n), the compact smooth manifold of d-dimensional linear
subspaces of Rn [Lee03]. The Grassmannian admits multiple con-
crete computational representations [BZA24]. We opt to represent
each element of Gr(d,n) by its orthogonal projector P = UU⊤ ∈
Rn×n, where U ∈ Rn×d is any orthonormal basis of the subspace.
The projector is independent of the choice of basis, and allows
one to map Gr(d,n) injectively into the space of symmetric ma-
trices. We also define the vectorization operator vec : Rn×n→Rn2

,
which stacks the columns of a matrix into a single vector. With this,
distances between subspaces become Frobenius distances between
projector matrices, which after vectorization become ordinary Eu-
clidean distances [GV13].

The Nash blow-up. With the Grassmannian and its projector rep-
resentation, we can now define the Nash blow-up. The idea is to
pair each non-singular point with its tangent plane and take the clo-
sure to fill in the singular points.

Let Y be a stratified space. On the regular part, each point x ∈
Yreg has a unique tangent d-plane TxY ∈ Gr(d,n). The generalized
Gauss map

ν : Yreg −→ Rn×Gr(d,n), ν(x) = (x,TxY),

sends each regular point to the pair of its position and its tangent
plane, embedding Yreg into the product of the ambient space with
the Grassmannian (see Figure 6). The Nash blow-up of Y is the
closure of this image, which introduces limit points of convergent
sequences on Y:

Ŷ =
{
(x, TxY)

∣∣ x ∈ Yreg
}
⊂ Rn×Gr(d,n).

Over the regular part, Ŷ is the graph of the tangent-plane assign-
ment. Over the set of singular points, however, something more
interesting happens when we take the closure: by definition, a point
(x0,P) ∈ Ŷ with x0 ∈ Σ exists if and only if P is the limit of tan-
gent planes along some sequence of regular points converging to x0.
In other words, the closure fills in limiting tangent planes at each
singularity. Returning to the figure-eight example (Figure 4), the
crossing point x0 acquires two lifted copies (x0,T1) and (x0,T2).

The projection π : Ŷ→Y, π(x,P) = x, maps the blown-up space
back to the original by “forgetting” the tangent plane. This map is
continuous, surjective, and restricts to a homeomorphism over Yreg,
so the blow-up modifies Y only over the singular points. The preim-
age π

−1(x0) of a singular point is its exceptional fiber. Each point
in the exceptional fiber corresponds to a distinct limiting tangent
plane; we call these branches sheets. For example, the figure-eight
has two sheets at its crossing point, each carrying its own tangent.
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Figure 6: Left: A stratified space consisting of four smooth mani-
fold sheets intersecting along singular points. Right: The space Y
is decomposed into its regular part Yreg and singular set of points
(shown in red). Each smooth sheet is then lifted via the generalized
Gauss map, associating to each regular point its tangent space.

3.2. Iterated Blow-Ups

The blow-up, as presented thus far, only separates transversely in-
tersecting points with distinct tangent planes. This construction can
be extended beyond transverse intersections to resolve higher-order
contact phenomena, including osculating structures, under suitable
conditions. The extension is achieved by iterating the blow-up, lift-
ing successively from the previously lifted space. While transverse
intersections are common in, e.g., messy geometry, iterated blow-
ups are practically useful for separating out point clouds of multiple
touching or proximate objects (see Figure 1).

Projector derivative. Iterating upon the first blow-up necessitates
formally defining tangents at each lifted point (x,P). Because our
blow-up is a product space, we know that the tangent space at (x,P)
decomposes into a direct sum of the tangent space at x∈Rn, the so-
called horizontal component, and the tangent space at P∈Gr(d,n),
the vertical component:

T(x,P)
(
Rn×Gr(d,n)

)
= TxRn︸︷︷︸

horizontal

⊕TP Gr(d,n)︸ ︷︷ ︸
vertical

.

The projector field x 7→ P assigns to each x ∈ Yreg ⊂ Rn the
orthogonal projector onto the tangent plane TxY. For a curve c(t)
on Yreg with c(0) = x and c′(0) = v ∈ TxY, the lifted curve t 7→
(c(t),P(c(t))) has tangent

d
dt

(c(t),P(c(t)))
∣∣∣∣
t=0

=
(
v,∇vP

)
,

where Pv :=∇vP ∈ TPGr(d,n) denotes the vertical component of
the lifted tangent space. Differentiating the idempotency condition
P2 = P along v gives PvP+PPv = Pv, from which it follows that

PPv P = 0 and (I−P)Pv (I−P) = 0.

This meansPv has no tangent-to-tangent or normal-to-normal com-
ponent, so it maps tangent vectors into the normal space and normal
vectors into the tangent space. Indeed, any n× n matrix satisfying
these two conditions is a tangent vector at P ∈ Gr(d,n) [Bou23;
BZA24].

Curvature. As a point moves along the surface, its tangent plane
rotates, and the rate of this rotation encodes curvature. The projec-
tor derivative is therefore naturally related to the curvature of Yreg.
Specifically, it represents the normal component of the differential
change in tangent vector w in direction v, i.e., it is the same as the
vector-valued second fundamental form, II(v,w) =Pv(w), which is
a generalization of the second fundamental form to arbitrary codi-
mension [RS22] (see Figure 7). The scalar valued second funda-
mental form, more commonly used in geometry processing, picks a
unit normal ℓ and returns a number II(v,w) = ⟨Pv(w), ℓ⟩ ∈R rather
than a vector in the normal space.

The projector derivative Pv can be represented as an n× n ma-
trix, but its subspace structure (tangent-to-normal and normal-to-
tangent only) means it is fully determined by the (n−d)×d matrix

Bx(v) = N⊤Pv U ∈ R(n−d)×d ,

where U ∈ Rn×d and N ∈ Rn×(n−d) are orthonormal bases for
the tangent and normal spaces at x [BZA24]. Each entry Bx(v)ℓk
records how much the k-th tangent basis vector rotates into the ℓ-th
normal direction when the basepoint moves along v. The (vector
valued) second fundamental form is recovered by mapping these
coordinates back to ambient space: II(v,w) = N Bx(v)(U⊤w).

For hypersurfaces (n − d = 1), the normal space is one-
dimensional and Bx(v) reduces to a row vector for any tangent di-
rection v. Stacking the rows Bx(e1), . . . ,Bx(ed) retrieves the shape
operator, whose eigenvalues are the principal curvatures κ1, . . . ,κd .

Computation. Computing Pv ∈ Rn×n directly requires differenti-
ating the projector field. In Section 4.2 we show how to estimate the
compact representation Bx from a point cloud by linear regression,
after which the full projector derivative can be reconstructed as

Pv = N Bx(v)U⊤+U Bx(v)⊤N⊤.

While Bx(v) depends on the choice of tangent and normal bases U
and N, the reconstructed Pv does not [BZA24].

Figure 7: The projector derivative on a smooth surface. As the
basepoint moves along the curve with tangent v (blue arrow), the
tangent plane rotates from T1 to T2 to T3. At x1, the projector deriva-
tive Pv(w) (red arrow) measures the component of the tangent vec-
tor w (green arrow) that leaves the tangent plane, which is the vec-
tor valued second fundamental form II(v,w).

4. The Discrete Tangent Blow-Up

We now present our main contribution: a discrete representation
that makes the blow-up algorithmic and applicable to point cloud
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data. We begin by defining a metric on the product space Rn ×
Gr(d,n) and its Euclidean embedding, then describe the discrete
lifting algorithm that takes a set of points and tangents as input and
produces a point cloud with resolved singularities in the lifted space
as output.

Lifted metric. All discretized operators on the lifted point cloud,
such as the Laplacian (§6.1), gradient (§6.2), and the second fun-
damental form regression (§4.2), require a notion of neighborhood
and proximity. To perform nearest-neighbor search and kernel eval-
uation in the product space L = Rn×Gr(d,n), we define a metric
that combines spatial and tangential components. The chordal dis-
tance on the Grassmannian,

dchord(U,V ) = 1√
2
∥PU −PV ∥F =

(
∑

d
i=1 sin2

θi

)1/2
,

where θ1, . . . ,θd are the principal angles between U,V ∈ Gr(d,n),
is computationally efficient, and its square is smooth every-
where [CHS96]. Furthermore, it approximates the geodesic dis-
tance on Gr(d,n) with cubic error as distances approach zero,
dchord = dgeo + O(d3

geo), as follows directly from the Taylor ex-
pansion of the principal-angle characterizations of both met-
rics [EAS98; BZA24].

We define the lifted metric on Rn ×Gr(d,n) as the weighted
product

d2
L
(
(p,U), (q,V )

)
= ∥p−q∥2 + α

2 ∥PU −PV ∥2
F , (1)

where α > 0 is a parameter balancing the spatial and angular parts.
Since the lifted metric measures both spatial displacement and
tangent-plane variation, dL changes distances by stretching regions
where curvature causes tangent planes to vary rapidly. Geodesics
and differential quantities computed after lifting should therefore
be interpreted as quantities of the lifted, curvature-sensitive geom-
etry, even for a smooth embedded manifold.

Isometric Euclidean embedding. A useful computational prop-
erty of the chordal product metric is that it admits an isometric
embedding into Euclidean space. Define the embedding map

Φ : Rn×Gr(d,n)→Rn+n2
, Φ(p,U) =

(
p,
√

α/2 vec(PU )
)
,

where vec(·) denotes vectorization. Then ∥Φ(p,U)−Φ(q,V )∥2 =
d2
L((p,U),(q,V )). Thus, Euclidean distance in the embedding

space exactly reproduces the lifted metric. Consequently, comput-
ing neighborhoods and kernels in the lifted metric reduces to ap-
plying ordinary Euclidean algorithms to the coordinates Φ(p,U).

4.1. Algorithm

Input. The input to our discrete blow-up algorithm is a point cloud
equipped with tangent planes: positions {xi}N

i=1 ⊂Rn, orthonormal
tangent frames {Ui}N

i=1 with Ui ∈ Rn×d spanning the tangent d-
plane at point xi with index i, and a weight parameter α > 0 used
in our metric in (1). For surfaces in R3, a tangent plane is equiv-
alent to a normal vector, though no globally consistent orientation
is required. For curves, a unit tangent vector suffices. We assume
that tangent planes are provided; the practical problem of tangent
estimation near singularities is discussed in §8.

The lift. For each sample, we compute the tangent-plane projector
Pi = UiU⊤

i ∈ Rn×n, the orthogonal projection onto col(Ui). The
projector depends only on the subspace spanned by Ui, not on the
choice of basis. Consequently any quantity derived from P, such as
distances between projectors and derivatives of the projector field,
is also coordinate-free. We then apply the isometric embedding:

Φi =
(

xi,
√

α/2 vec(Pi)
)
∈ Rn+n2

.

The output is a Euclidean point cloud {Φ1, . . . ,ΦN} ⊂ Rn+n2
on

which Euclidean distances reproduce the lifted metric by construc-
tion:

∥Φi−Φ j∥2 = ∥xi−x j∥2+ α

2 ∥Pi−Pj∥2
F = d2

L
(
(xi,Pi) ,(x j,Pj)

)
.

The coordinate transformation is applied uniformly to every sample
point; no knowledge of singular points or any global topology is
required.

To understand how the lifting separates intersecting sheets, con-
sider two points xi and x j near a transverse self-intersection. In
the ambient space Rn, these points may be arbitrarily close. In the
lifted space, however, the projector term α

2 ∥Pi−Pj∥2
F contributes

a penalty proportional to the angular gap between their tangent
planes. Larger α widens the gap at the cost of stretching distances
along curved regions where the tangent plane varies rapidly. Fig-
ure 8 illustrates this effect on a self-intersecting figure-eight curve,
where the projector entries vary smoothly along each branch but
differ sharply at the crossing; we offer a formal treatment in §5.

k-NN in 2 k-NN in 2 × Gr(1, 2)

P00 P01

P10 P11

no
rm
al
iz
ed

1.0

0.0

Figure 8: The discrete tangent blow-up of a self-intersecting figure-
eight curve. Top row: k-nearest neighbors of a query point (red),
computed in the ambient space R2 (left) and in the lifted embedding
R2×Gr(1,2) (right). Bottom rows: entries of the tangent projector
P ∈ Gr(1,2), shown component-wise over the curve. Points at the
crossing share spatial position but have distinct tangents, yielding
different values of P.

Remark 1 (The exceptional fiber in the discrete setting.) At a
singular point x0, the continuous blow-up Ŷ has a well-defined ex-
ceptional fiber (defined in §3.2). In the discrete setting, we do not
explicitly compute a closure, but the fiber structure is inherited by
the samples. A point xi sampled near a singularity x0 on a sheet M
carries a tangent estimate Pi ≈ Tx0 M, so its lifted image Φi lies near
the fiber point (x0,Tx0 M). As the sampling density increases, the
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lifted point cloud approximates this structure without any explicit
closure.

4.2. The Discrete Iterated Blow-Up

The first lift separates sheets with distinct tangent planes. However,
multiple sheets can share the same tangent at a point and still be
geometrically distinct. For example, a line and a parabola meeting
tangentially at the origin have the same position and tangent, but
different curvature (see Figure 9). To resolve such tangential in-
tersections, we need to capture how the tangent plane varies from
point to point.

The discrete blow-up can be applied iteratively: the output of the
first lift is a Euclidean point cloud {Φi}, and the tangent projector
at each lifted point is itself a point on a new Grassmannian. Hence,
we can define a new product space to which the entire blow-up
machinery applies again. To perform this second lift, we need the
tangent planes of the lifted product space Rn×Gr(d,n), which re-
quires estimating how Pi varies across the point cloud (recall §3.2).
This variation is encoded by the vector valued second fundamental
form.

Discrete estimation of the second fundamental form. Although
the lifted point cloud lives in Rn+n2

, the second fundamental form
can be estimated from the original data (xi,Ui) alone, without per-
forming PCA or tangent estimation in the high-dimensional lifted
space. This is because the vertical component of the product tan-
gent vector is determined entirely by the projector derivative, which
depends only on n-dimensional positions and d-dimensional tan-
gent frames.

Broadly speaking, we approximate the vector valued second fun-
damental form Pv at each sample xi by finite-differencing the pro-
jector Pi against neighboring projectors, and recovering a discrete
estimate of Bi ≈ Bxi by linear regression. Thus, the procedure to
estimate Bi is as follows. For each point (xi,Ui), fix an orthonor-
mal basis Ni ∈ Rn×(n−d) for col(Ui)

⊥. Throughout, a,b = 1, . . . ,d
index tangent directions with ea the standard basis of Rd , and
ℓ= 1, . . . ,n−d indexes normal directions. Then:

1. Find k-nearest neighbors of Φi in the lifted metric.
2. Compute intrinsic displacements ti j = U⊤

i (x j − xi) ∈ Rd : the
spatial offset projected into the tangent plane at xi.

3. Compute Grassmannian tangent coordinates Ci j = N⊤
i (Pj −

Pi)Ui ∈R(n−d)×d : the projector difference expressed in the tan-
gent and normal bases at xi. For nearby points on the same
smooth sheet, Ci j ≈ Bxi(ti j)+O(∥x j− xi∥2).

4. Solve the constrained least-squares problem:

Bi = argmin
B

∑
j∈N (i)

∥Ci j−Bti j∥2
F

subject to (B(ea))ℓb = (B(eb))ℓa for each normal direction ℓ.

The symmetry constraint reflects the symmetry of the vector val-
ued second fundamental form on smooth manifolds [Lee03]. The
resulting Bi ≈ Bxi is the discrete analogue of the matrix defined
in §3.2, from which the full projector derivative is reconstructed
as Pv = Ni Bi(v)U⊤

i +Ui Bi(v)⊤N⊤
i and all curvature invariants

(§7.3) are extracted. In the hypersurface case (n− d = 1), Ni re-
duces to a single unit normal, Bi(ea) ∈ R1×d is a row vector for
each tangent direction, and the symmetry constraint makes the
d× d matrix with rows Bi(e1), . . . ,Bi(ed) symmetric. Hence, we
recover the shape operator.

Constructing the second blow-up. Having estimated each Bi, we
can construct the tangent space of the lifted manifold at each point.
For each tangent basis direction ea ∈ Rd , the tangent vector to the
first lift at (xi,Pi) has a horizontal component (the spatial velocity
Ui ea) and a vertical component (the corresponding Grassmannian
velocity, encoding how the projector changes when the basepoint
moves along ea).

The vertical component is reconstructed from its coordinate rep-
resentation Bi(ea) via the tangent space characterization of the
Grassmannian [BZA24]: any tangent vector to Gr(d,n) at Pi takes
the form NiBU⊤

i +UiB⊤N⊤
i for some B ∈ R(n−d)×d .

ga =
(

Ui ea,
√

α/2 vec
(
Ni Bi(ea)U⊤

i +Ui Bi(ea)
⊤ N⊤

i
))
∈ Rn+n2

.

The vectors g1, . . . ,gd span the tangent space of the lifted manifold
at Φi, but may not in general be orthonormal.

To obtain a tangent projector, we stack them into Gi =

[g1 · · · gd ] ∈ R(n+n2)×d and form

Qi = Gi(G
⊤
i Gi)

−1G⊤
i ∈ Gr(d, n+n2).

Although the intermediate quantities Bi, ga, and Gi depend on the
choice of bases Ui and Ni, the projector Qi does not. This is the
same coordinate-independence that holds for Pi itself, as noted in
§3.2.

The second lift applies the blow-up to its own output. After the
first lift, each sample carries a position Φ

(1)
i ∈ RD1 (with D1 =

n+ n2) and a tangent projector P(1)
i = Qi ∈ Gr(d,D1), computed

from the procedure above. The goal of the second lift is to produce a
new tangent projector P(2)

i ∈Gr(d,D2) that encodes how P(1)
i itself

varies across the point cloud. The second-lift embedding and its
associated tangent projector are constructed by applying the same
algorithm to the pair (Φ(1)

i ,P(1)
i ) to obtain

Φ
(2)
i =

(
Φ
(1)
i ,

√
α(2)/2 ,vec(P(1)

i )
)
∈ RD2 , D2 = D1 +D2

1

where α
(2) > 0 is the weight parameter for the second level. The

second-lift distance is

d2
L2 = ∥Φ

(1)
i −Φ

(1)
j ∥

2 + α
(2)

2 ∥P
(1)
i −P(1)

j ∥
2
F

which penalizes differences in position, tangent plane, and curva-
ture simultaneously. The procedure is summarized in Algorithm 1.

Remark 2 (Higher-order iteration) In principle, the discrete
blow-up construction iterates indefinitely. Each level ℓ produces a
new Euclidean point cloud with tangent projectors, and each suc-
cessive level separates points that agree up to one higher order of
contact: level zero distinguishes positions, level one distinguishes
tangent planes, level two distinguishes curvatures, and so on. In
practice, however, each iteration estimates a higher-order informa-
tion from finite noisy samples, and the accuracy of these estimates
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' ' 
I 

(b) Tangents (c) Curvature(a) Points

Figure 9: A line and parabola sharing position (left) and tangent
(center) at the origin. The Frobenius norm of the vector valued sec-
ond fundamental form ∥II∥F distinguishes the intersection (right).

likely degrades with order. We conjecture that singularities of con-
tact order r (sheets sharing the same “r-jet” but differing at order
r + 1) are resolved at exactly level r. In this paper, we restrict at-
tention to levels 0 and 1, which handle transverse and tangential
intersections respectively. Our method is designed for point clouds
that are sampled from a finite union of smooth sheets and thus is not
a general-purpose resolution method for arbitrary non-smooth sets.
A systematic study of the relationship between iterated blow-ups,
jet spaces, and higher-order differential invariants such as torsion is
left to future work.

5. Theoretical Analysis

Assuming all intersections are transverse and singularities are thus
resolved after one lift, we now consider whether the tangent blow-
up achieves two properties needed for geometry processing. First,
separation: points on distinct sheets that are spatially close must be-
come metrically well-separated after lifting. Second, smoothness:
the lifted image of a smooth manifold must itself be smooth.

We establish both properties in the continuous setting. Since we
assume that the discrete construction is sampled from this contin-
uous space, these results help justify the computational pipeline.
They ensure that, after lifting, each sheet is a smooth submani-
fold of Euclidean space with positive separation from other sheets,
which is the setting where standard convergence results for point
cloud Laplacians [BN06; BSW09] are formulated.

Our first guarantee is that the lifted metric admits a lower bound
between distinct transversely intersecting sheets, even as their spa-
tial distance tends to zero.

Theorem 1 (Lifted Separation) Let M1,M2 ⊂ Rn be smooth d-
dimensional submanifolds intersecting at a point x0 with distinct
tangent planes. Write Px0,Ma for the tangent projector of sheet Ma
at x0, and let

δ = dchord
(
Tx0 M1, Tx0 M2

)
> 0

be the chordal distance. Then there exists ε0 > 0 (depending on δ

and the curvatures of M1,M2 near x0) such that for all p ∈ M1,
q ∈M2 with ∥p− x0∥, ∥q− x0∥< ε0,

dL
(

p̃, q̃
)
≥ 1√

2

√
α δ > 0,

where p̃=(p, TpM1) and q̃=(q, TqM2) are the lifted points and dL
is the lifted metric of §4.

Algorithm 1 Discrete iterated blow-up (levels one and two)

Input: Positions {xi}N
i=1 ⊂ Rn, tangent frames {Ui}N

i=1, weights
α
(1),α(2) > 0, neighbors k

Output: Level-two embedding {Φ(2)
i }

N
i=1 ⊂ RD2 , tangent projec-

tors {P(1)
i }

N
i=1, {P(2)

i }
N
i=1

1: — Level-one lift: embed into RD1 , D1 = n+n2 —
2: for i = 1, . . . ,N do
3: P(0)

i ←Ui U⊤
i {tangent projector}

4: Φ
(1)
i ←

(
xi,
√

α(1)/2 vec(P(0)
i )
)

{isometric embedding}
5: end for

6: — Curvature estimation and tangent projectors —
7: for i = 1, . . . ,N do
8: Ni← orth(ker(P(0)

i )) {normal basis}

9: N (i)← k-NN of Φ
(1)
i in RD1 {lifted neighbors}

10: for j ∈N (i) do
11: ti j←U⊤

i (x j− xi) {tangent-plane displacement}

12: Ci j← N⊤
i (P(0)

j −P(0)
i )Ui {projector variation}

13: end for
14: B(1)

i ← argminB: B⊤
ℓ =Bℓ

∑ j ∥Ci j−Bti j∥2
F {fit second

fundamental form}
15: for a = 1, . . . ,d do
16: (Pea)i← Ni B(1)

i (ea)U⊤
i +Ui B(1)

i (ea)
⊤N⊤

i {Grassman-
nian velocity}

17: ga←
(
Ui ea,

√
α(1)/2 vec(∆a)

)
{product tangent

vector}
18: end for
19: Gi← [g1 · · · gd ]

20: P(1)
i ← Gi (G⊤

i Gi)
−1 G⊤

i {tangent projector of the lifted
manifold}

21: end for

22: — Level-two lift: embed into RD2 , D2 = D1 +D2
1 —

23: for i = 1, . . . ,N do
24: Φ

(2)
i ←

(
Φ
(1)
i ,

√
α(2)/2 vec(P(1)

i )
)

{same structure as
level one}

25: end for

The proof is given in Appendix A.

We validate the separation bound empirically in Figure 10. For
the discrete pipeline, the theorem has the following consequence.

Corollary 1 (Discrete sheet separation) Let {(xi,Ui)}N
i=1 be a

point cloud sampled from M1 ∪M2 with correct tangent planes,
and let Φi =

(
xi,
√

α/2 vec(Pi)
)

be the lifted embedding. By The-
orem 1, every pair of lifted points Φi, Φ j with xi ∈ M1, x j ∈ M2,
and ∥xi− x0∥, ∥x j− x0∥< ε0 satisfies

∥Φi−Φ j∥ ≥ 1√
2

√
α δ.

In particular, if k-nearest-neighbor queries in the lifted space use a
search radius smaller than 1√

2

√
αδ, no query point on one sheet

will return a neighbor from the other sheet within distance ε0 of the
singularity.
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(b) Same-sheet vs. cross-sheet distances
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Figure 10: Same-sheet vs. cross-sheet lifted distances on a
figure-eight curve. (a) The curve with crossing point marked.
(b) Lifted distance dL as a function of Euclidean distance ∥p−q∥.
Same-sheet pairs (red) vanish with spatial distance; cross-sheet
pairs (blue) are bounded below by the separation floor 1√

2

√
αδ

(dashed).

Proof By construction, ∥Φi−Φ j∥2 = d2
L(x̃i, x̃ j), so the bound fol-

lows directly from Theorem 1.

Corollary 1 makes the separation theorem practical. Given a
non-manifold configuration whose minimal tangent disparity δ is
known (or conservatively estimated), one can choose α > 2∥Φi−
Φ j∥2/δ

2 and guarantee that nearest-neighbor queries never cross
sheet boundaries near the singularity.

The second guarantee is that the lifted image of each smooth
sheet is regular enough to support the differential operators defined
in §6.2 and preserves intrinsic dimension. The blow-up differen-
tiates the Gauss map, so each iteration costs exactly one order of
differentiability.

Theorem 2 (Regularity of the Lifted Manifold) Let M ⊂ Rn be
a Cr submanifold of dimension d with r ≥ 2. Then the lifted em-
bedding Φ : M → Rn+n2

, Φ(x) =
(
x,
√

α/2 vec(Px)
)
, is a Cr−1

embedding, and the lifted manifold M̂ = Φ(M) is a Cr−1 subman-
ifold of dimension d.

The proof is given in Appendix A.

These results establish that, for transversely intersecting Cr man-
ifolds, the blow-up produces a collection of well-separated, Cr−1-
regular submanifolds in Euclidean space.

6. Lifted Differential Operators

To perform downstream geometry processing tasks directly on non-
manifold point clouds, we now define examples of discretized dif-
ferential operators on the tangent blow-up representation follow-
ing standard meshless constructions. We construct a point cloud
Laplacian for diffusion and spectral analysis (§6.1), gradient and
divergence operators for vector field computations (§6.2), and de-
fine pointwise curvature invariants extracted from the second fun-
damental form (§6.3).

6.1. Laplacian

We model the lifted point cloud as a weighted graph by using a
multi-scale product kernel derived from the lifted product metric

that decouples spatial and tangential components:

Wi j = exp

(
−
∥xi− x j∥2

σ2
0

)
·

M

∏
m=1

exp

−∥P(m)
i −P(m)

j ∥
2
F

σ2
m

 ,

where σ0 is the spatial bandwidth and σm is the bandwidth for the
m-th tangent projector given M blow-up iterations. Each bandwidth
can either be fixed, or set to the median k-nearest-neighbor distance
in the corresponding factor of the product metric [ZP04], so that
the kernel adapts to the intrinsic scale of each component. Incorpo-
rating Grassmannian components results in geometrically distinct
points with differing unoriented tangents having reduced affinity
near singularities.

From the affinity W and degree matrix diag(W1)
we form either the standard unnormalized Laplacian
L = diag(W1) − W or its symmetric normalized variant
Lsym = I − diag(W1)−1/2W diag(W1)−1/2 [CL06; Von07].
Recall from §5 that transversely intersecting sheets are pulled apart
in the lifted embedding by their tangent spaces, while each smooth
sheet remains smooth under the lift. Thus, if the point cloud sam-
ple is drawn from s smooth components whose pairwise tangent
angles exceed the kernel bandwidth, for sufficiently fine sampling
the lifted affinity is close to block diagonal, with one block per
component. Standard perturbation theory for block-diagonal
symmetric matrices [Von07] yields exactly s near-zero eigenvalues
whose corresponding eigenvectors approximate indicators of the
individual components, which are then recovered via the spectral
clustering pipeline of §7.2.

6.2. Gradient and Divergence

We construct standalone gradient and divergence operators using a
standard weighted moving least squares (MLS) construction on the
lifted point cloud [Nea04; LZ13; WNEH22]. Both operators reuse
the self-tuning product-kernel weights Wi j from the affinity matrix
W defined in §6.1. At each point Φi the tangent projector Qi =
RiR⊤

i provides an orthonormal tangent frame Ri ∈ RD×d , where
D = n+ n2 is the ambient dimension of the first lift and d is the
rank of the tangent projector Qi. For a second-level lift, Φi, Ri, and
Qi are replaced by their level-two counterparts from Algorithm 1,
with ambient dimension D2 = D1 +D2

1.

Discrete gradient. Let fi = f (Φi) be a scalar function on the lifted
point cloud. We estimate grad fi by fitting a degree-one polynomial
in the tangent plane at point Φi. First, project each neighbor dis-
placement into the local tangent frame, δ̄i j = R⊤

i (Φ j−Φi) ∈ Rd ,
and then form the d×d weighted moment matrix

Si = ∑
j∈N (i)

Wi j δ̄i j δ̄
⊤
i j .

Substituting f (Φ j) ≈ fi + ḡ⊤δ̄i j and minimizing ∑ j Wi j ∥ḡ⊤δ̄i j−
( f j− fi)∥2 over ḡ ∈ Rd yields

ḡi = S−1
i ∑

j∈N (i)
Wi j δ̄i j ( f j− fi).

Lifting back to the ambient space gives the estimated gradient:
(gradŶ f )i = Ri ḡi ∈ RD.
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α = 0.0  α = 1.0  α = 5.0  α = 10.0  α = 20.0

Figure 11: Ablation over the projector weight α on the first lift of a mushroom point cloud [ZJ16]. Heat is placed at a single source point on
the middle cap. At α = 0 the kernel ignores tangents entirely and heat bleeds across all sheets; as α grows, diffusion remains on each smooth
sheet. At higher values of α, diffusion becomes highly sensitive to underlying tangents.

Discrete divergence. Given a tangent vector field Xi ∈ col(Ri) on
the lifted manifold, we estimate its divergence at vertex i by re-
gressing changes in X against displacements, with all quantities
expressed in the local tangent frame Ri. Concretely:

1. Project the vector field at i and at each neighbor j into point i’s
frame: X̄ (i)

k = R⊤
i Xk for k ∈ i∪N (i).

2. Estimate the tangent-plane Jacobian by regressing the frame-
consistent differences against projected displacements:

Ja
i = ∑

j∈N (i)
Wi j δ̄i j

(
X̄ (i)

j − X̄ (i)
i
)a ∈ Rd .

3. Take the trace: (divŶ X)i = tr(S−1
i Ji), where Ji = [J1

i ; · · · ;Jd
i ].

6.3. Curvature

Having estimated Bi ≈ Bxi at each sample (§4.2), we now extract
classical curvature invariants. We restrict to hypersurfaces (n−d =
1) in this section; the estimation of Bi applies in any codimension,
but the invariants extracted differ.

For a hypersurface, Ni is a single unit normal and Bi(ea)∈R1×d

is a row vector. Stacking the rows gives the d×d symmetric matrix
Si = [Bi(e1); · · · ; Bi(ed)], which is the shape operator in the tan-
gent basis Ui. Its eigenvalues are the principal curvatures κ1, . . . ,κd ,
from which we compute:

K = ∏a κa = det(Si),

H = 1
d ∑a κa =

1
d tr(Si),

∥II∥F =
√

∑a κ2
a = ∥Si∥F .

Although Si depends on the choice of Ui and Ni, these invariants
do not. K and ∥II∥F are unchanged under any change of basis, and
H changes only in sign under Ni →−Ni. We therefore report the
sign-free quantities K, H2, and ∥II∥F , which require no consistent
orientation (we discuss the implications of orientation invariance in
§7.5).

7. Experiments

We demonstrate the tangent blow-up on four tasks: geodesic
computation (§7.1), segmentation (§7.2), surface parameterization
(§7.2), and curvature estimation (§6.3). We set α = 1.0 for all ex-
amples, except in Figure 1, where we use α = 2.0. For transverse
intersections, α can be chosen using the separation bound in Theo-
rem 1. In principle, the same criterion applies recursively to higher-
order lifts. In practice, increasing α makes the metric more sensitive
to curvature-induced tangent variation, as illustrated in Figure 11.
For iterated blow-ups, this applies at each level, with higher-level
weights controlling sensitivity to higher-order features.

For kernel constructions, we use k = 20 nearest neighbors. Spa-
tial and angular bandwidths are set via self-tuning median k-NN
distances [ZP04], where σ0 is the median k-NN distance in spatial
coordinates across all points, and each angular bandwidth σm is the
median k-NN distance in the corresponding projector component of
the lifted product metric defined in §4. For geodesic computation,
these product-kernel weights also serve as the regression weights
Wi j for the lifted gradient and divergence operators.

We test our algorithm on four classes of data. Analytic shapes
like the Klein bottle provide controlled ground truth points and
normals for quantitative evaluation [Do 16]. The Thingi10k [ZJ16]
and ThreeDScans [Lar12] datasets provide non-manifold geome-
try with self-intersections and T-junctions; we uniformly sample
points from these meshes and take face normals. Lastly, the Sce-
neNN [HPN*16] dataset provides real scans of rooms for testing
our method on noisy data with estimated normals.

7.1. Geodesics

We compute approximate lifted geodesic distances via the heat
method [CWW13], which recovers geodesic distance in three steps:
(1) diffuse a delta source for short time by solving (I + tL)u = δs,
(2) normalize the gradient of the diffused field to obtain a unit vec-
tor field X = −∇u/|∇u| pointing away from the source, and (3)
solve a Poisson equation Lφ = −div(X) to recover the distance
function. In the lifted setting, we replace the standard Laplacian,
gradient, and divergence with their lifted counterparts.
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Nonmanifold Laplacian Blow-Up Level One (Ours)

Figure 12: Geodesic distance via the heat method, with the source
point marked in cyan. The nonmanifold Laplacian [SC20] (left) dif-
fuses across self-intersections, while the lifted Laplacian (right) is
restricted to geometrically distinct components.

We compare against the nonmanifold Laplacian of Sharp and
Crane [SC20], which constructs an intrinsic Delaunay triangu-
lation that handles non-manifold edges and boundaries. It oper-
ates on positions only and does not use tangent-plane informa-
tion for sheet separation. The distances recovered by the lifted heat
method approximate geodesics in the product metric, which pe-
nalizes tangent-plane rotation proportionally to α. Hence, as seen
in Figure 12, lifted geodesics tend to favor straighter paths with
smoothly varying tangents. This notion of distance is applicable
whenever one wants shortest paths that respect the sheet structure
of a non-manifold surface – for example, tracing paths on individ-
ual components of an object like the ship in Figure 12, without
segmenting the hull, deck, and sails beforehand.

To demonstrate our approach on real scanned data with estimated
normals, we compute geodesics for several rooms from the Sce-
neNN dataset [HPN*16]. Any normal estimation algorithm can be
used; we opt for HSurf-Net [LLC*22]. The results are illustrated
in Figure 13, where we compute lifted geodesics along scanned
floors. Despite missing regions, clutter, and noise, the resulting dis-
tance contours are constrained to the floor surface and respect ob-
stacles such as walls and furniture. Such behavior may be useful for
downstream navigation tasks such as path planning, where lifted
geodesics could allow a robot to reason about shortest traversable
paths along the floor while avoiding non-traversable regions.

7.2. Spectral Segmentation

The block structure of Lsym established in §6.1 reduces segmen-
tation of a non-manifold point cloud to standard spectral clus-

Office

Living Room Kitchen

Kitchen

Geodesics trace scanned floor

Figure 13: Lifted geodesics on scanned indoor scenes from the
SceneNN dataset [HPN*16] using normals estimated by HSurf-
Net [LLC*22]. Across living room, kitchen, and office scans, the
computed distance contours trace the floor surface while respect-
ing walls, furniture, and missing regions. This suggests that our
method can operate on noisy real-world reconstructions and is rel-
evant for applications such as path planning on scanned indoor
environments.

tering [NJW01; Von07]. We take the m = 10 smallest non-trivial
eigenvectors of Lsym, stack them as rows, and then unit-normalise
each row [NJW01]. We then use DBSCAN [EKSX*96] with ra-
dius ε = 0.2 to cluster points, which avoids fixing the number of
components and, because it ignores directions of low variance, is
insensitive to moderate overestimates of m.

As seen in Figure 14, lifted segmentation recovers geometrically
distinct components such as individual icicles or the distinct sides
of the fandisk. Since neighboring points on different components,
as occur near sharp corners or sheet intersections, carry distinct
projectors, the lifted metric suppresses their mutual affinity in W
without any explicit singularity detection or feature classification.
Recovering individual smooth components from non-manifold ge-
ometry in such a way can be useful for downstream tasks such as
per-component surface parameterization (§7.2) and curvature esti-
mation (§7.3).

Spectral Parameterization. Once the segmentation of §7.2 has
isolated smooth components, we parameterize them individually
using standard Laplacian eigenmaps [BN03] on the same lifted
Laplacian used previously (the self-tuning product-kernel, symmet-
ric normalised Lsym from §6.1).

We take the two smallest non-trivial eigenvectors of Lsym and
use them directly as UV coordinates. Because Lsym is defined us-
ing the lifted metric, the corresponding eigenmap respects the lo-
cal tangent frame even when the underlying components are self-
intersecting and nonorientable; Figure 15 illustrates this on two
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Figure 14: Lifted spectral segmentation on two non-manifold point
clouds. Left: the self-intersecting icicles model (Thingi10k [ZJ16]).
Right: the piece-wise smooth fandisk [HDD*94]. Lifted spectral
segmentation recovers individual smooth components.

nonorientable surfaces in R3 whose immersions necessarily self-
intersect. The lifted Laplacian separates intersecting components
through the projector term in the product metric, and because the
projector P =UU⊤ is sign-free by construction, the eigenmaps ex-
tend smoothly across regions where a consistent normal choice is
impossible.

Typically, to perform surface parameterization, an artist would
need to cut a shape into individual pieces that are separately pa-
rameterized and combined into a texture atlas. Our method re-
solves intersections and produces geometric cuts automatically,
since the spectral gap induced by differing tangent planes (or, at the
second blow-up level, differing curvatures) partitions the surface
into smooth components. This means that an artist or automated
pipeline can go from a non-manifold point cloud to per-component
processing without ever manually cutting the geometry apart.

7.3. Curvature

For a parametric immersion f : U → R3 whose Jacobian has full
rank everywhere, Gaussian curvature K and mean curvature H are
well-defined at every parameter value, even where the image sur-
face self-intersects in R3 [Do 16]. A point cloud sampled from the
image of f thus inherits per-point parameter coordinates (ui,vi) and
well-defined curvature per sheet.

The lifted regression of Bi (§6.3) approximates the curvature of
the underlying immersion at transverse intersections. We use this
per-sheet ground truth for quantitative evaluation on two paramet-
ric surfaces and complement it with qualitative comparisons on
Thingi10k models [ZJ16] and ThreeDScans [Lar12], all sampled
at up to N = 200,000 points.

Baselines. We compare against two point cloud curvature estima-
tors. Jet fitting [CP05] estimates a truncated Taylor expansion (an
osculating jet) of the surface in a local coordinate system aligned
with the estimated normal. We use a degree-2 jet with k = 20 neigh-
bors to match our blow-up baseline. Randomized Corrected Cur-
vature Measures (CNC) [LCL*23] estimates the curvature tensor
via corrected curvature measures [LRT22]: for each query point, L
random triangles are sampled from the k nearest neighbors. We use
the authors’ code with k = 20 and L = 100. Jet fitting requires only

λ1 λ2 λ3

Figure 15: Spectral parameterization of two self-intersecting
nonorientable surfaces: Banchoff’s Klein bottle [Ban76; Bus12]
(top) and a five-branch Boy-like surface [PS81; Bus12] (bottom
two rows). Left to right: of the three smallest non-trivial eigen-
vectors of the lifted Laplacian Lsym, followed by the induced UV
checker overlay. Because the lifted Laplacian is built from projec-
tors, the eigenmaps extend smoothly through self-intersections and
across regions where a consistent normal choice is impossible.

positions and estimates its own local frame from the k-NN neigh-
borhood; CNC additionally requires oriented normals as input.

7.4. Quantitative evaluation.

We consider two surfaces: the torus, a smooth manifold that serves
to validate our implementation, and the Klein bottle, a nonori-
entable surface whose immersion in R3 contains self-intersections.

The analytic curvature of the torus depend only on the poloidal
angle v [RS22], so we can assess estimation accuracy as a func-
tion of a single variable. Figure 16 shows the estimated curvature
profiles alongside the analytic ground truth (top row) and the corre-
sponding absolute errors (middle row) as functions of the poloidal
angle v. All three estimators track the ground truth closely, with
median errors in the range 10−4 to 10−3 The dip near v = π in the
H2 error reflects the fact that H passes through zero at the inner
equator for these parameter values (R = 2r), so the absolute error
is small.

The Klein bottle is nonorientable and self-intersects when im-
mersed in R3 [ASG17]. To quantify how each method degrades
near singularities, we estimate each sample point’s proximity to the
Klein bottle’s self-intersection. Two points that are close in R3 but
far apart in the parameter domain (u,v) must lie on different sheets
of the immersion. For each sample, we find its nearest neighbor
in R3 among all samples whose parameter-space distance on the
periodic [0,2π)2 domain exceeds the heuristic threshold π/2, and
record the ambient distance to that neighbor. We call this the sin-
gularity distance of that sample.

Figure 17 plots the median absolute error as a function of sin-
gularity distance. Near the self-intersection (singularity distance
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Gaussian Curvature K 

Gaussian curvature K Squared mean curvature H2 Curvature magnitude

Figure 16: Curvature estimation on the torus (R = 2, r = 1,
N = 100,000), a smooth manifold with no singularities. Top row:
estimated K and H2 as a function of the poloidal angle v; the ana-
lytic ground truth (black) is nearly occluded by all three estimators.
Middle row: median absolute error. All three methods achieve com-
parable accuracy. Bottom row: Gaussian curvature rendered on the
surface.

<0.1), both jet fitting and CNC exhibit error spikes of two to three
orders of magnitude: median |K−Kgt| rises from ∼10−3 to ∼101

for jet fitting, and CNC rises similarly. The Klein bottle’s nonori-
entability compounds the problem for CNC, which requires ori-
ented normals as input. The blow-up error, by contrast, remains flat
at ∼5× 10−4 across all singularity distances. Figure 18 renders
the three curvature invariants on the surface, with ground truth for
comparison.

7.5. Qualitative evaluation.

We run all three methods on point clouds sampled from several
meshes that contain self-intersections, T-junctions, or thin features.
Each model is uniformly sampled at up to 200,000 oriented points.
No analytic ground truth is available, so our criterion is whether the
estimated curvature field is “spatially coherent” on each geometric
component, meaning smooth where the surface is smooth, and free
of high curvature artifacts at self-intersections. All three methods
use k = 20 nearest neighbors; jet fitting uses degree 2, CNC uses
L = 100 random triangles with a uniform kernel.

The torus knot (Figure 19) is a mesh from Thingi10k [ZJ16]
whose geometry passes over and under itself. We render its Gaus-
sian curvature K. The inset (red box) zooms into a self-intersecting
region. CNC (left) produces a curvature field such that the local
sign of K becomes negative at intersections. The blow-up (right)
preserves positivity through every crossing, meaning the curvature
on each tube segment is less affected by the presence of the other.

The propeller model [ZJ16] (Figure 20) consists of blades which

JetFitting CNC Ours

singularity distance

Gaussian curvature K Squared mean curvature H2

H2 Error

Figure 17: Curvature estimation error on the Klein bottle with R=
2 and (u,v) ∈ [0,2π)2, sampled at N = 100,000 points, as a func-
tion of singularity distance (defined in §7.3). Each sample is binned
by its ambient distance to the nearest cross-sheet neighbor (25
bins, median point plotted with interquartile range shaded). Bot-
tom row: per-point error in curvature magnitude |∥II∥F −∥IIgt∥F |
rendered on the surface for each method; the blow-up shows no
visible degradation at the intersection.

-0.6
0.6 0.0 1.6Gaussian Curvature K H2

GT JetFitting CNC Ours

Figure 18: Curvature estimates on the Klein bottle (left to right:
ground truth, jet fitting, CNC, blow-up). Rows show K (top), H2

(middle), and curvature magnitude ∥II∥F (bottom). Jet fitting and
CNC produce visible artifacts along the self-intersection circle,
while the blow-up closely matches the ground truth across all three
invariants.

intersect a cylindrical hub. The blow-up recovers geometrically
meaningful curvature on each separate component: the cylindrical
base carries uniform magnitude and the flat blade faces read near
zero. Jet fitting and CNC both report elevated H2 along every inter-
section seam and sharp edge, making it difficult to distinguish the
curvature of individual sheets from non-manifold junctions.

© 2026 The Author(s).
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CNC Ours

-0.15 0.00 0.15
Gaussian Curvature K 

Figure 19: Gaussian curvature K on a self-intersecting torus knot.
Bottom: inset zoom of the boxed crossing region. CNC produces
negative curvature at the crossings. The blow-up maintains consis-
tent banding on each knot segment through the intersections. Posi-
tive red banding is recovered from the underlying mesh.

Figure 21 shows squared mean curvature H2 estimated on a
point cloud sampled from two greyhound sculptures (ThreeD-
Scans [Lar12]). Where the bodies touch, CNC reports elevated cur-
vature along the intersection curves, visible as yellow streaks across
the paws and chest in the close-up. The blow-up estimator attributes
curvature to each sheet independently, so these ridges are absent. In
practice this means per-component curvature fields can be recov-
ered directly from the raw point cloud, with no prior segmentation
or intersection removal.

Orientation Invariance. The curvature invariants we report are
orientation-free by definition. Hence, any method that estimates
them correctly should produce the same values regardless of a
globally consistent normal field. Jet fitting, as seen in Figure 18,
is an “orientation free” algorithm [CP05]. By contrast, CNC uses
oriented normals, so inconsistent orientations corrupt the esti-
mates [LCL*23]. Our algorithm avoids oriented normals entirely,
since the projector P =UU⊤, its derivative Pv, and the regression
for Bi all operate without choosing a consistent normal direction.
Orientation enters only in the final step when extracting Bx(v) =
N⊤Pv U , where we report orientation-free invariants. This makes
the estimator applicable to nonorientable surfaces (Figure 3), but
also means curvature is underestimated at thin shell edges where
opposite faces carry nearly parallel tangent planes with opposite
normals. The projector sees both “sides” of a thin sheet as having
the same tangent plane, so it reports low curvature at thin edges

Figure 20: Mean squared curvature H2 on a self-intersecting pro-
peller model (Thingi10k [ZJ16]). Left: jet fitting. Center: CNC.
Right: blow-up (ours). Jet fitting and CNC exhibit high-magnitude
estimates (yellow) along intersections and edges. The discrete
blow-up recovers consistent per-component curvature: the cylin-
drical base carries uniform magnitude, and the flat blade faces read
near zero. No singularity detection or segmentation is applied as a
preprocessing step.

whereas CNC detects the normal reversal, as seen in Figure 22.
Whether this trade-off is desirable depends on the application.

8. Discussion

Our formulation assumes that a tangent plane is available at each
sample. Future work could address automatically estimating mul-
tiple tangents at each point in the point cloud. For example, near
singularities, PCA-based tangent estimation averages across inter-
secting components and can be sensitive to noise. This is illustrated
in Figure 23, where the lifted heat method is robust to positional
noise but sensitive to estimated tangents.

More specifically, we find that our method is generally robust to
positional noise if one has reliable normals, as can be the case in
data obtained by photometric scanning, but degrades with respect to
increasingly noisy normals. Figure 24 illustrates this effect, where
we have taken a point cloud sampled from a propeller mesh [ZJ16]
and used local PCA to estimate normals. By adding noise to the
positions and estimated tangents separately, we see how the lifted
heat method is affected: lifted components remain well separated
with respect to positional noise, but degrade more rapidly in corre-
spondence to noisy normals. Developing noise-robust variants, es-
pecially for scanned data, is an important direction for future work.

A different strategy may be to estimate multiple tangents per
point using local mixture-of-subspaces methods such as general-
ized PCA [VMS05] or polyvector fields [DVPS14; BS19]. Each
estimated tangent would then generate a separate lifted copy of the
same spatial sample, yielding a discrete approximation of the ex-
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Figure 21: Squared mean curvature H2 on two intersecting grey-
hound sculptures (ThreeDScans [Lar12]). Top: blow-up (ours).
Bottom: CNC reports elevated curvature along intersection curves
(visible as yellow ridges along the paws and legs); the blow-up at-
tributes curvature to each greyhound independently.

ceptional fiber. The blow-up itself is agnostic to how these tangent
planes are obtained.

Estimating multiple tangents could also improve the resolution
of tangential intersections. The first lift can convert a tangential
intersection into a transverse one, with sheets meeting at an an-
gle determined by their curvature difference. Lifted k-NN neigh-
borhoods may still include some cross-sheet samples near the sin-
gular point. In practice, this contamination is localized to a small
neighborhood of the singularity that shrinks as the curvature dif-
ference between sheets grows. Figure 1 illustrates this, where the
second lift achieves good separation despite the tangential contact.
A more robust approach would involve handling multiple tangents
at each blow-up level, which we leave to future work. Similarly,
while the blow-up can be iterated, our experiments mainly validate
the first lift and simple second-level examples. A systematic study
of higher-order lifts on complex singularities is left to future work.

A second limitation is the growth of ambient dimension under
iteration. For surfaces in R3, the first lift lies in R12 and the second
in R156. Although the intrinsic dimension remains unchanged, the
projector representation is redundant, since symmetric rank-d pro-
jectors have far fewer degrees of freedom than the ambient space.
This overhead was still manageable in our experiments, but it ap-
pears in the timings. On the 200,000-point Glykon example in Fig-
ure 1, constructing the level-one and level-two lifts took 38.1s and
76.9s, respectively, while assembling the lifted affinity graph and
linear systems for the lifted heat-method increased from about 4.4s
at level 1 to 30.7s at level 2 (all timings measured on an Intel Core
i9-9900K CPU with 8 physical cores and 16 logical cores, 48 GiB

CNC Ours

0.0 0.5Curvature Magnitude

Figure 22: Curvature magnitude ∥II∥F on a column model (Three-
DScans [Lar12]) with thin walls. Left: CNC reports high curvature
along thin edges where oriented normals reverse between opposite
faces. Right: the blow-up estimator reports low curvature at these
edges because the tangent plane itself has little rotation.

of RAM, and an NVIDIA GeForce RTX 3070). In particular, exact
kD-tree queries in the lifted ambient coordinates are likely to be-
come a bottleneck as the dimension grows, since their effectiveness
degrades in higher dimensions. For higher-order iterations, more
compact Grassmannian coordinates, localized lifting near singu-
lar regions, or approximate nearest-neighbor methods may there-
fore be necessary. For oriented hypersurfaces, a cheaper alternative
is to lift using the normal itself. This avoids the Rn+n2

projector
embedding and distinguishes opposite normal orientations. We use
projectors because they are orientation-free and extend directly to
arbitrary codimension via Gr(d,n). However, if reliable oriented
normals are available, the oriented lift can be substituted.

Beyond the operators explored here, the discrete tangent blow-up
may also be useful for tasks such as interpolation and remeshing in
the presence of singularities. Extending the framework to mixed-
dimensional singularities, and clarifying its connection to higher-
order jet constructions, are also natural next steps.

9. Conclusion

We introduced the discrete tangent blow-up, a lifted representation
for point clouds with non-manifold geometry. By lifting each sam-
ple and its tangent plane to Rn×Gr(d,n), the construction sepa-
rates incident sheets in a metric space where standard Euclidean
structures can be applied without combinatorial repair or explicit
singularity detection. The projector formulation yields a simple em-
bedding, supports iteration to incorporate higher-order geometric
information, and leads to discretized differential operators that can
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Figure 23: Geodesic distances on two intersecting planes (N=6000, k=20, α=1.0, σx=σu=0.5). Top row: ground-truth tangent frames;
bottom row: PCA-estimated tangents (kpca=30). Columns show increasing positional noise σ ∈ {0,0.01,0.02,0.04,0.08,0.16}. Grey points
are unreachable (infinite geodesic distance), indicating correct sheet separation. The lifted heat method is robust to positional noise, but
degrades when tangent estimates are corrupted, as PCA normals near the intersection line conflate intersecting components.
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Figure 24: Effect of noise on lifted heat diffusion. Columns add in-
creasing Gaussian noise to point positions, reported as fractions of
the bounding-box diagonal. Rows add increasing Gaussian noise
to normals. Normals are estimated by local PCA from the origi-
nal point cloud with k = 10, and the lift uses α = 2.0. Moderate
perturbations preserve the qualitative diffusion pattern, while high
combined noise causes visible heat leakage.

be defined directly in the lifted domain. We view this work as a step
toward geometry processing methods that treat singularities as part
of the data. We hope this perspective opens the door to a broader
class of geometry processing algorithms that operate directly on
non-manifold geometry.
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Appendix A: Proofs of Separation and Smoothness Theorems

Theorem 3 (Lifted Separation) Let M1,M2 ⊂ Rn be smooth d-
dimensional submanifolds intersecting at a point x0 with distinct
tangent planes. Write P(1)

0 ,P(2)
0 for their respective tangent projec-

tors at x0, and let

δ = dchord
(
Tx0 M1, Tx0 M2

)
> 0

be the chordal distance between the two tangent planes. Then there
exists ε0 > 0 (depending on δ and the second fundamental forms
of M1,M2 near x0) such that for all p ∈ M1, q ∈ M2 with ∥p−
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x0∥, ∥q− x0∥< ε0,

dL
(

p̃, q̃
)
≥
√

α δ√
2

> 0,

where p̃ = (p, TpM1), q̃ = (q, TqM2) are the lifted points and dL is
the lifted metric.

Proof Write P(k)
x for the tangent projector of Mk at x ∈ Mk, and

P(k)
0 = P(k)

x0 for its value at x0, for k = 1,2.

Step 1 (Projector Lipschitz bound). Since each Mk is smooth, the
projector map x 7→ P(k)

x is smooth on Mk. Its directional derivative
along a tangent vector v is the projector derivative P(k)

v , which de-
composes as P(k)

v = N(k)B(k)(v)(U (k))⊤ +U (k)B(k)(v)⊤(N(k))⊤.
The two summands have orthogonal column spaces (col(N(k))

and col(U (k))), so we can use ∥A + B∥2
F = ∥A∥2

F + ∥B∥2
F (the

trace tr(A⊤B) = 0). Multiplying by matrices with orthonormal
columns preserves the Frobenius norm, so each summand con-
tributes ∥B(k)(v)∥F , giving

∥P(k)
v ∥2

F = 2∥B(k)(v)∥2
F ≤ 2L2

k ∥v∥
2,

where Lk = max{∥B(k)
x (v)∥F : x ∈Mk, ∥x− x0∥ ≤ ε0, ∥v∥= 1} is

finite by smoothness and compactness. By the mean value inequal-
ity, ∥∥P(k)

x −P(k)
0

∥∥
F ≤

√
2 Lk dMk (x,x0),

where dMk is the geodesic distance on Mk. For ε0 sufficiently small,

dMk (x,x0) ≤ 2∥x− x0∥, so setting Ck = 2
√

2Lk gives ∥P(k)
x −

P(k)
0 ∥F ≤Ck ∥x− x0∥.

Step 2 (Triangle inequality on projectors). For p ∈ M1 and q ∈
M2 with ∥p− x0∥, ∥q− x0∥< ε0, set C =C1 +C2:∥∥P(1)

p −P(2)
q
∥∥

F ≥
∥∥P(1)

0 −P(2)
0

∥∥
F −

∥∥P(1)
p −P(1)

0

∥∥
F −

∥∥P(2)
q −P(2)

0

∥∥
F

≥
√

2δ−C ε0,

where we used ∥P(1)
0 −P(2)

0 ∥F =
√

2δ, the standard identity relat-
ing the projector Frobenius distance to the chordal distance on the
Grassmannian.

Step 3 (Lifted distance). The squared lifted distance satisfies

d2
L(p̃, q̃) = ∥p−q∥2 + α

2

∥∥P(1)
p −P(2)

q
∥∥2

F ≥
α

2
(√

2δ−C ε0
)2
.

Choosing ε0 < (
√

2−1)δ/C ensures
√

2δ−C ε0 > δ, so that

dL(p̃, q̃) ≥
√

α

2 δ =

√
α δ√
2

.

Theorem 4 (Regularity of the Lifted Manifold) Let M ⊂ Rn be
a Cr submanifold of dimension d with r ≥ 2. Then the lifted em-
bedding Φ : M → Rn+n2

, Φ(x) =
(
x,
√

α/2 vec(Px)
)
, is a Cr−1

embedding, and the lifted manifold M̂ = Φ(M) is a Cr−1 subman-
ifold of dimension d.

Proof The map Φ is a section of the projection π :Rn+n2
→Rn onto

the first factor: by construction, π◦Φ = idM . For any section, injec-
tivity (Φ(p) = Φ(q)⇒ p = π(Φ(p)) = π(Φ(q)) = q), immersivity

(dπ◦dΦ = id implies dΦ is injective), and topological embedding
(Φ−1 = π|M̂ is continuous) are automatic. It therefore suffices to
show that Φ is Cr−1.
The first component of Φ is the inclusion M ↪→Rn, which is Cr. For
the second component, let ϕ : V →M be a Cr local parametrization
with Jacobian J(x) = Dϕϕ−1(x) ∈ Rn×d . The projector admits the
parametrization-free expression

Px = J(x)
(
J(x)⊤J(x)

)−1 J(x)⊤.

Since ϕ is Cr, the Jacobian J is Cr−1. The Gram matrix J⊤J is Cr−1

and invertible (since J has full column rank), and matrix inversion
is smooth on the open set of invertible matrices. Therefore x 7→ Px
is Cr−1, and hence so is Φ.
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